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Introduction and Summary

e We aim to study properties of a (d, 1)-dim charged non-relativistic fluid.

e We consider a generic charged (d + 1, 1)-dim relativistic fluid, and undergo
light cone reduction.

e We also add all possible parity-odd terms to our theory, in first derivative
order, specific to d = 2.

e Light cone reduction of the above system gives a (d, 1)-dim non-relativistic
theory. We determine the parameters of non-relativistic fluid 1n terms of the
parameters of relativistic fluid.

e We find that parity-even transport coetficients have same constraints in both
relativistic and non-relativistic regime.

e Parity-odd transport coefficients (for d = 2) however follow different con-
straints 1n both cases.

e In particular, parity odd coeftficients 1in non-relativistic theory can only sur-
vive for incompressible flow in electromagnetic background with constant
magnetic field.

Relativistic fluid dynamics

Thermodynamic relations:

E+P=T5+ M;Qy, dE =TdS + MdQ);. (1)
Constitutive equations:
V. T" = F'n, V. J¥ ={CrxE"Bg,}, (2)
where energy-momentum tensor is:
™ = (E + P)u'u” + Pg"" — 2nt"" — (PM"'V ", (3)
T = %P”O‘P”ﬁ Vaug + Vs, di G| (4)
P = g + u'u”, ulu, = —1, (5)
charge current 1s
Jr = Q'+ 717 (6)
T, = —p1/P"'V, (2@) + Ay ES — v PPV, T + {U]l“ + ZNSUBﬁ} (7
1

! = " Vu,,  Ef=FMu,  B= . By, Frag,  (8)

and background fields are defined as:

Fr =VFA" — VY A", (9)
Entropy current:
M N
V,JE>0, JU=Suf— TIT? +{DI"+ D;B}'}. (10)
It implies constraints on transport coefficients as:
w=0,  n=0, (>0, (1)
1 . . :
A[J = TQ 17 orj matrix 1s positive definite, (12)

and D, D;, Uy, ZNSU are related to C; k.

Non-relativistic fluid dynamics

Thermodynamic relations:

2dp + de = sdit + qrdpy + —Ldp.  (13)
p

2(6 + p) = St + qrly,

Constitutive Equations:

Oi(pv’) + 0i(t"Y) = qre; — jrbBy Oy (6 + §/OV2) + 0" = jren,  (14)
where stress-energy tensor 1s given by:

t = pv'v) + pg? — no — 269", (16)

o’ =0 + v’ — 5”E8kvk, (17)

energy current 1s given by:

| 1 | o | | | P )
jl = (e +p+ —pV2> v' —nov! — 200" — KO't — KV ('Ii]) - (€ — v, 07 ),

2 t
(18)
charge current 1s given by: | | |
Jr = q' + vy, (19)
and background fields are:
e = —0'¢; — Oyal, V= 0al — &a. (20)
Entropy Current
0;S + @jg > (), jg — sv' — %U} (21)

Light Cone Reduction

e Light Cone Reduction is a formalism which relates a (d + 1, 1)-dim rela-
tivistic theory (Poincaré invariance) to a (d, 1)-dim non-relativistic theory
(Galilean/Schrodinger invariance).

e Consider a (d + 1,1)-dim relativistic fluid theory in light cone coordinates
{a*, 27, x}.

e The relativistic theory 1s then reduced along x~ direction, 1.e. all the param-
eters of the fluid are considered to be independent of x .

e [dentifying x™ with time, we will get a (d, 1)-dim non-relativistic theory
through this mechanism.

e The constitutive relations of the non-relativistic fluid theory can be reached
from the relativistic ones 1f we 1dentify:

T =p, T =pv, (22)
1 | | o
T ko T =, TU=4Y, (23)
Ji = ar, Jr =71, (24)
A7 = ¢y, L =al, A" = constant (25)
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Parameters of non-relativistic theory

Using the light cone identification we can compute the non-relativistic param-
eters in terms of relativistic:

p=(E+P)u'P+uPmz—co), v'=—-IY,  (6)
u P
N u*V P 1 1
- P — | =Z = —(E —P)—=(nZ — (6 27
p=p-(J2-Cp) . e=yE-P-j0z-0), @D
T M
t=—+0(1),  u=—+0() (28)
q=J; =u Qr—u" {‘Quu”VU ('L;J> 'V 4 {U]eiju+vivj + 81J6ij5? }
(29)
o= a' = EVit =1V, (5) = mVip+lle; —v"By),  (30)
Transport coefficients:
t
n=nu", z=(u", /@':2ne+p, /f[:nqi, (31)
P P
wy = Or(u")?, ory = Opu’, (32)
. . Q071 tyru™
1k vk I ik VI
mr; =m + 9 —€" 5, mr = , (33)
re e { p } " 2e+p)
ik ik WiqJt _ ) qq;
— - — - t+ Kt 34
rr; = T1J9 { € } , rr _QIJ mrqt + K Hetp?|” (34)
ij v fwrqr o o | aqs;
ZIJJ =17;9" + { ; €’ — 20&]]]6‘7} : l17 = _)\]Ju++/<;t4(€+p)2_ . (35)
. . 2W7(€ + - n
&= &g — { d p)EZk} , ¢ =4 (36)
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Entropy positivity of non-relativistic fluid

e Once equipped with the form of j%, we can write the entropy positivity equa-
tion for non-relativistic fluids, which will give the same constraints as for
relativistic case for the parity-even transport coefficients.

my =0, n > 0, z >0, (37)
1 I t ] . . .
lrg=-7r1yJ, rrJ a4 matrix 1s positive definite. (38)
t 2p(e +p)_

e For fluids 1n 3 or more spatial dimensions, parity-odd terms do not appear
at first derivative order, and thus we have a complete description of such
systems.

e However for fluids 1in 2 spatial dimensions, positive-definiteness of parity-
odd terms require us to add extra corrections to the entropy current.

e We found that this can be consistently done only for incompressible flow 1n
an electromagnetic background with constant magnetic field.

e For any other scenarios however, the parity-odd transport coefficients must
vanish.



