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Introduction and Summary

•We aim to study properties of a (d, 1)-dim charged non-relativistic fluid.
•We consider a generic charged (d + 1, 1)-dim relativistic fluid, and undergo

light cone reduction.
•We also add all possible parity-odd terms to our theory, in first derivative

order, specific to d = 2.
•Light cone reduction of the above system gives a (d, 1)-dim non-relativistic

theory. We determine the parameters of non-relativistic fluid in terms of the
parameters of relativistic fluid.
•We find that parity-even transport coefficients have same constraints in both

relativistic and non-relativistic regime.
•Parity-odd transport coefficients (for d = 2) however follow different con-

straints in both cases.
• In particular, parity odd coefficients in non-relativistic theory can only sur-

vive for incompressible flow in electromagnetic background with constant
magnetic field.

Relativistic fluid dynamics

Thermodynamic relations:
E + P = TS + MIQI, dE = TdS + MIdQI. (1)

Constitutive equations:
∇µT

µν = F νλ
I JIλ, ∇µJ

µ
I = {CIJKEµ

JBKµ} , (2)
where energy-momentum tensor is:

T µν = (E + P )uµuν + Pgµν − 2ητµν − ζP µν∇µu
µ, (3)

τµν =
1

2
P µαP νβ

[
∇αuβ +∇βuα −

2

d + 1
gαβθ

]
, (4)

P µν = gµν + uµuν, uµuµ = −1, (5)
charge current is

JµI = QIu
µ + Υµ

I (6)

Υµ
I = −%IJP µν∇ν

(
MJ

T

)
+ λIJE

µ
J − γIP

µν∇νT +
{
fIl

µ + f̃IJB
µ
J

}
, (7)

lµ = εµαβγuα∇βuγ, Eµ
I = F µν

I uν, Bµ
I =

1

2
εµναβuνFIαβ, (8)

and background fields are defined as:
F µν = ∇µAν −∇νAµ. (9)

Entropy current:

∇µJ
µ
S ≥ 0, JµS = Suµ −MI

T
Υµ
I +
{
Dlµ + D̃IB

µ
I

}
. (10)

It implies constraints on transport coefficients as:
γI = 0, η ≥ 0, ζ ≥ 0, (11)

λIJ =
1

T
%IJ, %IJ matrix is positive definite, (12)

and D, D̃I, fI, f̃IJ are related to CIJK.

Non-relativistic fluid dynamics

Thermodynamic relations:

2(ε + p) = st + qIµI, 2dp + dε = sdt + qIdµI +
ε + p

ρ
dρ. (13)

Constitutive Equations:

∂t(ρv
j) + ∂i(t

ij) = qIε
j
I − jIiβ

ij
I , ∂t

(
ε +

1

2
ρv2

)
+ ∂ij

i = jiIεIi, (14)

∂tρ + ∂i(ρv
i) = 0, ∂tqI + ∂ij

i
I = 0, (15)

where stress-energy tensor is given by:

tij = ρvivj + pgij − nσij − zδij∂kvk, (16)

σij = ∂ivj + ∂jvi − δij2
d
∂kv

k, (17)

energy current is given by:

ji =

(
ε + p +

1

2
ρv2

)
vi−nσijvj−z∂kvkvi−κ∂it−κI∇i

(µI
t

)
+
κI
t

(εiI−vjβ
ji
I ),

(18)
charge current is given by:

jiI = qIv
i + υiI, (19)

and background fields are:

εiI = −∂iφI − ∂taiI, βijI = ∂iajI − ∂
jaiI. (20)

Entropy Current

∂ts + ∂ij
i
S ≥ 0, jiS = svi − µI

t
υiI. (21)

Light Cone Reduction

•Light Cone Reduction is a formalism which relates a (d + 1, 1)-dim rela-
tivistic theory (Poincaré invariance) to a (d, 1)-dim non-relativistic theory
(Galilean/Schrödinger invariance).
•Consider a (d + 1, 1)-dim relativistic fluid theory in light cone coordinates
{x+, x−,x}.
•The relativistic theory is then reduced along x− direction, i.e. all the param-

eters of the fluid are considered to be independent of x−.
• Identifying x+ with time, we will get a (d, 1)-dim non-relativistic theory

through this mechanism.
•The constitutive relations of the non-relativistic fluid theory can be reached

from the relativistic ones if we identify:
T++ = ρ, T i+ = ρvi, (22)

T+− = ε +
1

2
ρv2, T i− = ji, T ij = tij, (23)

J+
I = qI, J iI = jiI, (24)

A−I = φI, Ai
I = aiI, A+ = constant (25)

Parameters of non-relativistic theory

Using the light cone identification we can compute the non-relativistic param-
eters in terms of relativistic:

ρ = (E + P )(u+)2 + (u+)2 (ηZ− ζθ) , vi =
ui

u+
− η
ρ
Yi, (26)

p = P −
(
η

d
Z− ζu

α∇αP

E + P

)
, ε =

1

2
(E − P )− 1

2
(ηZ− ζθ) , (27)

t =
T

u+
+O(1), µI =

MI

u+
+O(1), (28)

qI = J+
I = u+QI−u+

[
%IJu

ν∇ν

(µJ
t

)
+ γIu

ν∇νT +
{
fIε

iju+∇ivj + f̃IJεijβ
ij
J

}]
.

(29)
jiQ = qIv

i − ξ∇kt− r∇k

(µ
t

)
−m∇kp + l(εj − vkβkj), (30)

Transport coefficients:

n = ηu+, z = ζu+, κ = 2n
ε + p

tρ
, κI = n

qIt

ρ
, (31)

ωI = fI(u
+)2, ω̃IJ = f̃IJu

+, (32)

mik
I = mIg

ik +

{
2ωI
ρ
εik
}
, mI =

tγIu
+

2(ε + p)
, (33)

rikIJ = rIJg
ik −

{
ωIqJt

ρ
εik
}
, rIJ =

[
%IJ −mIqJt + κt2

qIqJ
4(ε + p)2

]
, (34)

lijIJ = lIJg
ij +

{
ωIqJ
ρ
εij − 2ω̃IJε

ij

}
, lIJ =

[
λIJu

+ + κt
qIqJ

4(ε + p)2

]
, (35)

ξikI = ξIg
ik −

{
2ωI(ε + p)

ρt
εik
}
, ξI =

nqI
ρt
. (36)

Entropy positivity of non-relativistic fluid

•Once equipped with the form of jiI, we can write the entropy positivity equa-
tion for non-relativistic fluids, which will give the same constraints as for
relativistic case for the parity-even transport coefficients.

mI = 0, n ≥ 0, z ≥ 0, (37)

lIJ =
1

t
rIJ,

[
rIJ −

ntqIqJ
2ρ(ε + p)

]
matrix is positive definite. (38)

•For fluids in 3 or more spatial dimensions, parity-odd terms do not appear
at first derivative order, and thus we have a complete description of such
systems.
•However for fluids in 2 spatial dimensions, positive-definiteness of parity-

odd terms require us to add extra corrections to the entropy current.
•We found that this can be consistently done only for incompressible flow in

an electromagnetic background with constant magnetic field.
•For any other scenarios however, the parity-odd transport coefficients must

vanish.


