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The Big Picture

» Effective field theory is a robust framework for describing
physical many-body systems without the detailed knowledge of
their microscopic constituents.

» The conventional treatment of effective field theory is only
suited for zero temperature or equilibrium phenomena at
finite temperature (statistical field theory).

» Hydrodynamics is a “universal” low-energy effective description
based on conservation laws that allows us to perturbatively
depart from thermal equilibrium.
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» (lassical hydrodynamics has limited applicability due to the
presence of stochastic thermal fluctuations.

» Schwinger-Keldysh hydrodynamics is a symmetry-based
effective field theory generalisation of classical hydrodynamics
that aims to systematically incorporate the effects of
arbitrary stochastic thermal fluctuations.




Overview

» Schwinger-Keldysh Hydrodynamics! is a “better” way to do
Hydrodynamics.

» Effective action / path-integral description: cleaner to
implement symmetries.

» Systematic inclusion of stochastic noise: allows access to
far-from-equilibrium physics, e.g. critical points, active matter.

» Built in: second law of thermodynamics, Onsager’s relations,
(non-linear) fluctuation-dissipation theorems (FDTs).
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» Extends the applicability of hydrodynamics: non-universal
stochastic interactions and quantum interactions.

» Connections with quantum chaos.

» Today’s discussion: how to circumvent the stability and causality
issues in relativistic Schwinger-Keldysh hydrodynamics.

Crossley, Glorioso, Liu [1511.03646]
Haehl, Loganayagam, Rangamani [1511.07809]
Jensen, Pinzani-Fokeeva, Yarom [1701.07436] 3




» Conservation equations associated with the global symmetries
Uy U
dJ, " =0 d,JF =0
» Hydrodynamic fields to solve for using the conservation equations

ut T 1z

» Constitutive relations for the conserved currents
2 A A
T = e(T, u) utu” + p(T, u) A" — n(T, u) A*PA*° apuo_ + 60.up — EApaaﬂu — (T, u) A¥ou” + ...

J# = (T, ) u¥ — o(T, ) TA/’”’()V% + o

» Second law constraints:

€+ p H
op = - 5T+nT5? ", ¢, 020 AP =t + utu

Review: Kovtun [1205.5040] 4
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u = 0 + Su(w, k) e @rtikx T =T,+ 6T(w, k) e ™@+kx = 4+ Su(w, k) e~ i@+kx

> For simplicity, assume probe limit op/on| = 0 = particles do not backreact on energy-momentum.

[ [ ® ® [ J ] C p : € o m X n
» Dispersion relations contain sound mode, shear mode, and diffusion mode '
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X ) p" = (@, k)
w—V-K . " m v (V'k—w‘V‘)
w— —u'p, = k- - A¥p p, =Kk“— (v-Kk)“ A (1,v)
o V1 —v2 o I —v? Uy =
V1 —v2
» This generates 3 new unstable modes outside the hydrodynamic regime k — Kk
14
Imw
# #1 #1 i
W =1 F ... W =1 F ... w =1 F ...
v2 Dl v2 Dl v2 D,
» The modes propagate superluminally at large wavevector
: : g
, 0w 5 ° * Rew
lim [Re—| £1 ?
k— 00 ok RSN PPt

» While these “pathologies” lie outside the applicability regime hydrodynamics,
they render relativistic hydrodynamics inapt for solving for flows. ;
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io—k°D =0 —> ia)(l—ia)f)—kan=()
with a new pole w = — i/t + ....
» The boosted spectrum remains stable as long as p Imo
a) — l utm gy
r—v2D,
Iim [Re—| <1 g : Re o
k— 0o ok *s :

» How can we extend relativistic hydrodynamics to include the gapped mode?
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JH=nu"+ fFH
MIS hydrodynamics BDNK hydrodynamics

i ‘ » Replace flux with a new relaxed variable » Use a redefinition of hydrodynamic variables

p—> u+ruto

I+ T AU0, F = — 6 A0+ ...
St =rulu"on—ocA"o u+ ...

» Pro: hydrodynamic differential equations are » Pro: no need to introduce a new variable.

first-order in time-derivatives. . L
» Con: hydrodynamic equations involve

» Con: requires introducing new variables. second-order time-derivatives.

» Con: inconsistent with stochastic fluctuations.

Muller (1967), Israel-Stewart (1976) 2Bemfica-Disconzi-Noronha [1907.12695], Kovtun [1907.08191] 8
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» Constitutive relations with background sources

T, A] = n(u) u* — o(u) A'W<@wu _ E) o

Aﬂ(t, X)
‘ > Consider the solution of 9,/ =0 = u[A]
JH[A] = J* | ug[AlL A
0,A, = 0,4, )ut

» Response functions or retarded correlation functions

|
JH(p)IA] = +J Gupip)) A (py) A 2J Gy Pip1 p5) 8A(PY) 8A(P3) + ...
P PP

5
5A,(p)) A (p5)

Glippo. (D3P1 D, ) = ( ) JE(p)IA]
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» Fluctuation-dissipation theorems (FDTs) determine the symmetric correlation functions

GJSﬂ (P1P2) = <J” (p)J U(P2)> — <J” (P1)> <] U(P2)> “Variance of J*”
1 "

= (G}i #Pi:p) — Gy, Jy(pl;pz)>

LPowy
G301/ (P1, P2 D3) = (JH(p) T (py) JP(p3) ) — (J*(p) J*(py) ) (J*(P3)) + (J* (1) ) {J*(P2) ) (S’ (P3))
- (@) (P Py + (1 >+ (1 < 3))

= (R0 + G (i ppy) ) + (12 2+ (1 3

(iPow)(ifyw3)
> G probes the probabilistic nature of observables due to thermal noise and cannot be intrisically computed

using c

assical hydrodynamics.

ISimilar theorems exist for higher-point functions, but involve partially-retarded correlation functions [Wang, Heinz [hep-th/9809016]] 10
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» Ordinary hydrodynamics

K25 2 k’o

G%t , — + ... Gst r(p,—p)= + ...
12473 =) iw — k2D " Bo |iw —k2D|?
‘ » MIS hydrodynamics
Ko 2 k’o
Gpidp; —p) = + G} (p, —p) = - ...
T i (1 — i) — KD 7 Bo lio(1 — iw7) —K2D|?

» BDNK hydrodynamics

—(1 —iwt) K’ o

iw(l —iwt) — DK?

s (140 [CiDer]

+ ...
bo liw(l —iwt) — DK2|?

GJStJt(pa —p) =

Gﬁjt(p; —p) =

Variance is not positive-definite.

11




Stochastic Fluctuations
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» The classical formulation of hydrodynamics based on conservation
equations might be too simple for many purposes.

» This accounts for mutual interactions between conserved variables,

but not for possible interactions with the background thermal noise
arising due to the ignored microscopic excitations.

» These effects lead to physically observable signatures in the low-

energy spectrum, known as long-time tails, that cannot be predicted
by classical hydrodynamics.!

[Alder, Wainwright (1970)] [De Schepper, Van Beyeren, Ernst (1974)]
[Forster, Nelson, Stephen (1977)]

12
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» Hydrodynamic observables are stochastic due to thermal noise
(JHIY ..y £ (TH)(JY)...
» Introduce arbitrary

JHu, A, 0] = n(p) u” + 7"[u, A, 0]

BDNK : ## = tutu*dn — o A" (du —E,) + 0"
MIS : 7/ = —1tA"u’o, 7, — GA'MU(awM — Ey) + 0"
> Integrate over random noise distribution! °[A, ¢]

(JHIY.[A] = J@@ (Jgjl[A, 01J41A, 0] ...)@[A, 0] JHA, 0] = J¥ |uglA, 01, A, 0]

» PIA, ] must be consistent with FDTs.
13
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ZIA,A ] = nge exp iJ JUIA, 014, | PIA, 0]

X

L s 0O 0 O 0 —10 —10
GLoPo = (JETY D) eonnlA] = ... |InZ[A,A_]
5A, 6A, 0A, 0A, 0A,, 0A,,
Gjy... = Gra.
» FDT constraints are succintly summarised as the KMS symmetry! ;S G
JJ... — rr.
Z|AX), A, (0| = Z|A(=x), (A, + i£4A) (-] £,= fouto,

» This imposes strong constraints on S[A, 0].

'This assumes theory to be PI-invariant. There are analogous versions for T, CT, CPT symmetries. 14



Z[A, Ayl = tre [,0 CXPp (%J J1A — JzAz)]
iJ JA, — JaA)]

Z[A,A]] = tr [p exp (

» KMS symmetry

As(x) = Ay(—x —1hp))

'Field Theory of Non-Equilibrium Systems (Textbook), Kamenev (2011)

A(x) = A(—x) + O(h)

A (x) = (Aa :

- hth
/= y)
- h-h
Ja = 7
- O(n)

if, atA)(—x) :

15
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PIA, 0] = CXp (_%[ cH [/’tcl[Aa ‘9]9A] 9M9y>

' Z[A,A )] = J@@ exp (ZJ' J(ﬁ[A, 0] Aaﬂ> exp (_Z,[ CHY [ﬂcl[A’ 9],A] 9ﬂ9y>

X X

X X

— J@H Do, Dy, DuDJF exp (z[ (n ut + j”) Aaﬂ) exp (—%J CHpu, Al HMHU)

exp (zJ —0,0,(nu*+ 7*) —y! <f,4+ QD - 9#))

Baﬂ = 0,Qq T Aaﬂ

— J'QZ% Dy, D DF exp (zJ nu'B,, + j’“‘(Baﬂ — l//aﬂ) - QD v, + iC’u_yl[//taA] l/fgllfg)
X & — e —
L 16



L =nuB,, + 7B, —v,) - | oA (0 u—E,) |y, +iCylyly

=nu'B, —c A" B, (0,u—E,)+iC, BIB!

» KMS symmetry:

pe) = pu(=2) @) = = (@ iBy (= ) ) (=)

By ) = (By, +ify(0,— E,) ) (=)

» SK variables ¢, ¢,

PO = —p(-x) 00 == (g HiEe)x)  HEWOEFA) @ =9+

17
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PIA, 0] = exp —J o~

1 9 =9
—— ((V-0)? = V20°) 4 o7 ; 0°(0 =26 V)* + ...
O

AT, o (2Tc)?

Vi = A" (d,u —E,)

» This corresponds to the fact that 4- and higher-point FDTs are not strong enough to fix all time-ordered
correlation functions in terms of the retarded correlation functions.

» In the MSR formalism, one needs to add an infinite tower of higher non-Gaussian corrections to &[A, 0]

dependent on ¢

, U, for consistency with FDTs.

» In the SK forma
implemented us

TAJ, Kovtun [2009.01356]

ism, this procedure is more systematic and simpler due to the KMS symmetry and can be
ing the construction of KMS blocks.

18



L =nut Ba,u + jﬂ(Baﬂ - yfaﬂ) — (6 AW — 4 u’“‘u”) (dwu — Ey) Wy, + iC~} Wiy

Uv
Baﬂ = 0,9, +Aaﬂ
=nu'B, — (6 A" — Auu") B, (0,u — E,) +iC,,! B/B; L on
O

» KMS symmetry:

082 = nou

» SK variables ¢, ¢,

px) > — p(—x)

pe) = pu(=2) @) = = (@ iBy (= ) ) (=)

B, (x) — (BW +ify(du—E,) >(—x)

L > L+ 8ﬂ<iﬁ0 u”Q) CM_U1 =Tyo A, — Ty iu"u”

F = [SJZ(---)eing is unbounded

Pu(X) = — (% + i£ﬁ¢>(—x) u=u'0,p+A) @ —=¢+fX)

19



Ue) = p(=x) B = (By,+iBo(dm — E,) )=

(@) (0 — (waﬂ ifio A (0,1 — E,) iﬁoiu*aﬂf,)(—x)
7.(x) = F(=x)

1
(b) l//a,u(x) — = <Wa,u lﬁO_jy> (—X)

O

1 _
O

20
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» Can recast the two KMS symmetries in terms of SK variables ¢, ¢, Vs Vg,

» KMS symmetry (a):
U= u/“‘(aﬂga +Aﬂ) jﬂ =0,

0@ = —p(=x) 90 = = (g, + i )0 .
— A/’;Bay + ;z)aﬂ
Uux) = 0, (=X) VapX) = <Ucw iy Uﬂ>(_x) @ — ¢ +f(x)

» KMS symmetry (b):

0@ = =00 g0 =~ (9,450 ) (-0

v,(x) = —v,(—x) 0, (X) = — (z)aﬂ + i, 0ﬂ>(—x)

21




Schwinger-Keldysh BDNK™ Hydrodynamics
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» MIS hydrodynamics implies BDNK hydrodynamics when 7 is constant

-0, (f” +TAMVM/16/1JU+GA'W(§VIM —Ey> + ) =0, (nu” + T u'uon — aA””(ﬁwu —Ey> + ) =

) A 1
But, u*A,, couples to n instead of n + 7 u*d,n. e a—" ) Ay
> f, can be integrated to set y,, = (1 — Tu}@;t)_lBaﬂ = éaﬂ O = : 0
a a
1l -7 M’laﬂ

T
Z =nu'B,, + jﬂ(Baﬂ - Vfau) — oA l//a,u(aw“ — b, +— Ma)tjv) +iloo Ay o

9]
— <n ut + A u”mﬁ,,ﬂ) Eaﬂ — o A* Eaﬂ(awu — Ey> + iToaAWEZlg’Z — iw
» This can be derived by imposing 2-point FDT.! 5Q = n du Iz 5 72
Inconsistent with higher-point FDT when o is not constant.2 20

1Abbasi, Kaminski, Tavakol [2212.11499], 2AJ, Kovtun [2309.00511] 22
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Lessons

» Hydrodynamics is not completely characterised by its constitutive
relations. New stochastic transport coeflicients! “contaminate”
hydrodynamic observables at higher derivative orders.

» Ensuring the 2-point FDT (G° « Im G¥) in Martin-Siggia-Rose (MSR)
formalism (stochastic hydrodynamics) does not guarantee
consistency with higher-point FDTs.2

» Not all “stable and causal formalisms” of relativistic hydrodynamics
are created equal: Miiller-Israel-Stewart (MIS) hydrodynamics is
consistent with stochastic fluctuations, while the newer
Bemfica-Disconzi-Noronha-Kovtun (BDNK) hydrodynamics* is not.23
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» Consistent UV-completions of hydrodynamics, like MIS
hydrodynamics, may simultaneously realise more than one
Kubo-Martin-Schwinger (KMS) symmetries.2

1AJ, Kovtun [2009.01356]

2AJ, Kovtun [2309.00511]

3SMullins, Hippert, Gavassino, Noronha [2309.00512]

4Kovtun [1907.08191], Bemfica, Disconzi, Noronha [1907.12693] 24




Frequency Regulators

dw d9k 1 i [ d%

2r)dt!l @ + iDK? 2 )] 2n)d

G" =

— = = - _|_

— = =

» Need more powers of @ in the retarded propagator.
Need to introduce ghost fields.2

» [s there a ghost-free solution to the problem?
BDNK-like solutions! give sign-problems in Im Z.
MIS-like solutions do not work.

1Gao, Glorioso, Liu [1803.10778]
2Gao, Liu [1701.07445], Jensen, Pinzani-Fokeeva, Yarom [1701.07436] 25



Extensions of Schwinger-Keldysh

» Relativistic magnetohydrodynamics
[Glorioso, Son [1811.04879]] [Gralla, Igbal [1811.04879]]

» Spontaneously broken symmetries

| [Donos, Kailidis [2304.06008]]
> U(1) — superfluids [Baggioli, Bu, Ziogas [2304.14173]]

» Translations — crystals and elasticity [Baggioli, Landry [2008.05339].
[Baggioli, Landry, Zaccone [2101.050153]]

» Rotations — Nematic liquid crystals, etc. [Landry [2309.15142]

» Hydrodynamics with exotic symmetries
» Dipole, multipole, and subsystem symmetries (fractons)

> Higher-form symmetries [Glorioso, Son [1811.04879]] [Gralla, Igbal [1811.04879]]

» Higher-group and non-invertible symmetries
[Das, Igbal, Poovuttikul [2212.09787]]

» Non-relativistic hydrodynamics [AJ [2008.03994]]1 [AJ, Armas [2010.15782]]

26
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