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OVERVIEW
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» Symmetries are powerful guiding principle for developing

effective theories for physical systems without a detailed
understanding of their microscopic constituents.

» Equilibrium phases of matter can be organised according to their
symmetries and whether these are spontaneously broken in the
ground state, commonly known as the Landau paradigm.

» |n recent years, the notion of symmetries has been generalised
to include subsystem symmetries, higher-form symmetries,
higher-group symmetries, non-invertible symmetries, etc.

» These allow for a generalised Landau paradigm, that also
includes exotic phases of matter that are typically not classitied

based on conventional symmetries. [reviews by McGreevy '22 | Cordova+ '22]




OVERVIEW
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» Given a lattice model with local interactions, there typically exists
an effective Quantum Field Theory description at low energy or
long distances.

» However, recently, a large class of lattice spin models have
surfaced that do not seem to admit a standard continuum field
theoretic description. [Haah 11| Vijay-Haah-Fu 15 | Pretko "16]

» These models feature excitations with restricted mobility:
fractons pinned to a point, lineons confined to a line,
planons confined to a plane, etc.

» These exotic features can be reduced to the existence of
subsystem symmetries in these models.

» We are still trying to understand how to adapt field theoretic

techniques to describe the continuum limit of fractonic systems.
[reviews by Gromov-Radzihovsky ‘22 | Grosvenor+ ‘22 | Pretko+ ‘20 | Nandkishore+ '19]




OVERVIEW

00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

» While true fractonic order is still to be realised in the lab, there
are various physical systems that feature restricted-mobility at low
energies: crystal dislocations, superfluid vortices, fractional
quantum Hall states, etc. [Pretko 18 | Gromov+ 20 | Du+ '21]

» There are proposals to synthesise fractons using ultra-cold atoms
and anti-ferromagnets. [Sous-Pretko '20]

» The goal of this talk is to better understand many-body systems
with collective fractonic excitations and the interplay between
subsystem and spacetime symmetries.

» |n particular, for systems with translational order, the subsystem
symmetries must be spontaneously broken in the thermodynamic
limit for there to exist charged excitations.




OVERVIEW
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» There are two distinct phases with gapless fractonic excitations:
p-wave and s-wave, both with subsystem symmetries
spontaneously broken, but the U(1) charge symmetry
spontaneously unbroken or broken respectively. [Jensen-Raz '22]

» The p-wave phase has spontaneously-unbroken U(1) symmetry.
The momentum excitations cannot propagate: no sound modes,
only diffusive and subdiffusive modes.

» The s-wave phase has spontaneously-broken U(1) symmetry.
The momentum excitations can propagate: features sound
modes, together with diffusive and subdiffusive modes.

[AJ-Jensen-Liu-Mefford ‘23 | Armas-Have ‘23] 5




FRACTON
FIELD THEORIES

with conserved dipole moment
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X-CUBE MODEL
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» Large number of ground states

# ground states ~ 22ht2hytel
» Restricted Mobility
}}@R “— }t—> 4—@»«*»
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Fractons Lineons Planons




SUBSYSTEM AND DIPOLE SYMMETRIES

» Subsystem symmetries are a combination of global and gauge symmetries

lllllll

O(1, x,y,7) — exp(iAx(x) +iN(y) + iAZ(z)) o1, x, y, 7) Plmnianr

» They can be expanded into a sequence of multipole symmetries

O(t,x,y,7) = exp ‘ WX + 1y, y + 1y, 2

1 1 1

: o : 9 :
+5u//xxx +Ell//yyy +51WZZZ

+ ... )CD(t,x,y,z)

2

» To leading order, we can approximate these by a monopole and dipole symmetry.
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FIELD THEORIES WITH DIPOLE SYMMETRY
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» Consider the charged scalar invariant under U(1) monopole and dipole symmetry [Pretko 18]

S = Jdtd%(\d}b\z — ‘Dlj(q), D) ‘2 — mz‘q)‘z) b — exp(i/\) 0

b — exp(il//ixi) (>

» Conservation equations:

J'=i0®* ® +c.c. 0J" 4+ 0.J" =0
J = (3]-<iD’7(CI>*, d*) P> + c.c.) o J k=T = 0,(J'x") + 9 (x T =J*) =0
Ji = iDi(@*, @*) ®? + c.c. Ji=J = 2l = g (2x1 1K)

No “intrinsic” dipole moment
10



FIELD THEORIES WITH DIPOLE SYMMETRY

» Restricted mobility:

d d . |
—Jd% J' = _ﬂEdzx J+ —Jd3x J' = fl;dzx 0,J"+
dz dz
i d3 Jt I d2 (JJ_ I JiJ_) i d3 (JX )i _ d2 anJ_ k
gy X = X gy X X) = X €30~ X
¥ W ¥ ¥ X
-+ R — B -
N A N A N X
Fractons Lineons

» Neutral bound states can move freely

11



BACKGROUND SOURCES

» We can gauge the monopole and dipole symmetries using a set of background gauge fields
[Pretko 16, AJ-Jensen '21]

. 1 ..
J'6A, + J'6A, + —J Sa.
2 i)

We now require invariance under background gauge and dipole transformations

A — A + 0\, A — A+ 0N 0J'+0J =0
— . .
A —= A+, a; — a; + dil//j + 0jl//i 8kJ’k = J

» The modified scalar field theory is
S = Jdtd%( |0.®|* — | DY(D, D) |* — m? | D \2)

1
D®=9®—iA,®,  D®=0®-iA® Dy ®=&DD®-DODO——ia @2

Conserved currents can be obtained via variations with respect to background sources. »



COUPLING TO CURVED SPACETIME

00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

» Consider fracton field theories invariant under spacetime
translations and rotations, resulting in energy and momentum
conservation

atGI + alé’l — O
atﬂ'i + 0]Tl] — O le — 4]

» Due to mobility restrictions, we cannot impose boost symmetry.

» We can gauge the spacetime symmetries by putting the field
theory on a curved spacetime

—e'on, — €' on; — m, ov' + ETU 58

Invariance under background spacetime diffeomorphisms.

13




COUPLING TO CURVED SPACETIME

» The covariant construction for the conserved currents

! X X X J! X X
p— — pr — 3 JH | JHY — )
=) m=G) o= (e0) =) = (X 0)

viz, =0 i, =0, T = 0 Jwn, =0, Jwl =

and the background fields

n, X X X (A X X
() () e E) () we()

Uy — v o _ v __ _
vin, =1 h,v' =0, h,, = a,v'=0,a,,=0

Also define h** such that i**n, = 0, h**h,, = 5 — v'n,. Further hjj = h**h ,,

» These are known as Aristotelian backgrounds coupled to boost-agnostic field theories. [de Boer et al. '17]

14




COUPLING TO CURVED SPACETIME
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» Field theories are required to be invariant under monopole and dipole transformations
[AJ-Jensen ‘21, Bidussi et al. '21]

Ay = A+ 9N +y, Ay = Gy, + 17 < V¥, + Va‘#p) yvt =0

together with background spacetime diffeomorphisms, leading to conservation equations

V=0
V. (—€n, + v, + 7#,) = (source terms),
VIR = hY P

V,and V  are the Aristotelian-covariant derivative and divergence operators.

» Energy-momentum currents are not dipole-invariant

' — ot — (J'n) y" + JP*(dn) pgl//"

1
e’ — e! + (2]”(pl//") — Jp”l//”) 5£vhp6
T — 7 = 2) ) + V()

15



MOMENTUM SOURCES & DIPOLE SYMMETRY

» When V' is turned on, the dipole transformations also act on the
density source
A — A —y !
» This modifies the dipole Ward identity
oS =T —JV
» Momentum is not dipole invariant, but charge density and flux are

m — m—J'y,; JIJ., J = J

Dipole transtormations act like “boosts” that only modity
momentum without changing the tlux.

16



FRACTONS AT
FINITE TEMPERATURE

thermal equilibrium




FRACTONS AT FINITE TEMPERATURE
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» We are interested in systems at finite temperature with
conserved dipole moment.

» We tfind that dipole symmetry must be spontaneously broken for
there to be non-zero charge fluctuations in the thermal state.

» There are two possibilities:

» p-wave: U(1) monopole symmetry spontaneously unbroken
but dipole symmetry spontaneously broken

(®) =0, (®'io, D — Didd") # 0

» s-wave: U(1) monopole symmetry spontaneously broken
— dipole symmetry spontaneously broken

(@) #0

» This was also found for large-N models with dipole symmetry.
[Jensen-Raz '22]

18




DIPOLE SYMMETRY AND THERMAL STATE

» Consider a grand-canonical thermal state

1 .
F = trexp 7jd3x (—et + u'm; + //tJ’)

» |nvariance under dipole symmetry implies that

T — ]Z'Z—Jtl/jl I/ti R I/li

J = o= pt Uty

Therefore 7' « u' and J* « u are disallowed.

> The only allowed configurations are with z' « u' and J* = 0.
A local fluid particle can move if and only if the local charge
density is zero.

19
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» Many-body systems at thermal equilibrium can be characterised
by their thermal partition function

F = trexpTin%\/g _ e’ + (u(’) — vi) T; + (,uo + A, + uéAi) Jt_
. _ _

We have omitted n,, n, for clarity.

» The background fields are required to be time-independent with
respect to the thermal observer

(0, + u}0;)... =0

Thermal partition function £ is required to be invariant under
time-independent symmetries with respect to the thermal
observer.

20
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» For systems with spontaneously unbroken symmetries,
the low-energy thermal partition function is a “local” functional
of the backg round fields [Banerjee et al. ‘12 | Jensen et al. '12]

F = eprddx\/g F(A,..)

» For systems with spontaneously broken symmetries,
the low-energy thermal partition function is a “non-local”
functional of the background fields, given by a functional integral

over time-independent configurations of the Goldstone fields
[Bhattacharyya et al. 2012]

ZIA, ...] = J@qsexpjddx\/g F(p,..;A, ...)

21




UNBROKEN DIPOLE SYMMETRY

leading to nonzero charge density
J'=yu

» This construction is gauge- and dipole-invariant in flat space, but
in curved space it transforms under dipole transformations due to

At—>At—l//ivi

» Consequently, when the dipole symmetry is unbroken, it is not
possible to construct a dipole- and translation-invariant free

energy with nonzero charge density.
22




SPONTANEOUS BREAKING OF DIPOLE SYMMETRY
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> p-wave phase admits a vector Goldstone

b, = ¢; —
¥ | | | 2
= U 2
| Zd
| 4 (20(l¢]) + Cll]>
= ‘fzj
» Currents:
Fexp F=gud =g
T, = )Y Y P;

» Configuration equations:

xu (uh = v) = = (s €Y)

00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

» s-wave phase admits a scalar Goldstone

¢ —Pp—A
¥ . . . .

F=-2 (1o + A+ viA, = ()= v') 09 )

= U ,

| Xd
= fij
» Currents:

J'=xp J=yuv'=0(x,&) J'=—x,&"

= —)H (aiﬁb +Ai>

» Configuration equations

0; ()(/4 (15— Vi)) = — 0,0;(14¢")

23



DERIVATIVE COUNTING
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» On flat background with ué = 0
1 . .
() = Eqx" + ) ~ O™ (@) = 55,9 X'x + ) X'+ gy ~ O(077)
» Following through the consistency arguments, we find

0, ~ 0(0*), 0, ~ O |
de'+0de' =0

T, ~ @(a—l) €t, Jt, Tij, JlJ ~ @(a()) €i, ]i ~ @(al) atﬁ'i-l— ajTij — 0
Vin 00 e A g ay~ O@) oy A~ 007 O+ 01" = 0

| oS =T
u' ~ 00" T, u ~ 0(")

* Subtleties in s-wave phase: the hydrodynamic mode spectrum violates the dynamical scaling.

e o o
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MATTER FLOW

» Due to the derivative counting scheme, the kinetic term becomes
a second derivative correction

1.
F = ... —Epului

~ 0(0°%)

» Correspondingly, momentum flow is dominated by the
dipole-Goldstone, with sub-leading effects due to matter flow

ﬂi=q¢i+p(ui—vi) + ...

» |In other words, matter flow “subsides” due to restricted mobility.

25




FRACTON
HYDRODYNAMICS

leaving thermal equilibrium




HYDRODYNAMICS

» Hydrodynamics is a framework to capture perturbative
departures of a many-body system from thermal equilibrium.

» The relevant hydrodynamic degrees of freedom are a set of

chemical potentials corresponding to each global symmetry
(conserved charge) of the system.

» Additionally, we need to add massless Goldstone fields for each
spontaneously broken global symmetry.

27




P-WAVE DIPOLE SUPERFLUID DYNAMICS
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» Conservation equations for dipole-invariant system
0. €'+ 0;¢' = (source terms)
0,7' + 0,77 = (source terms)’
0.J'+0.J' =0
O J* =J = TV

» Non-dissipative linearised constitutive relations

el = ¢ e'=(+pu —pv' +pd5ij (@ £V) ¢j t Xnn 5k(ai€bk — 0k€bi>
=qd'+pw —v)  V=pdY
=g = qu — 1,004 ~ )

Ji=p, 69— B,0,9* 57 —2G, 0''¢p/)

28



DISSIPATIVE CORRECTIONS
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» We can choose the definitions of T, u, u/, ¢; such that

1 o _
_ﬂdiss_] =0

4 _ 7J1
€diss =J diss

diss

This is known as the choice of hydrodynamic frame.

» The dissipative constitutive relations are constrained by the second law of thermodynamics

O (")

0(0") [ €y 0,T \ — 00"

60" — |2h | =— ¢ 8UsM 4 2 5K L, 8968 4 2n,, 5K ouy | — 00
000" — | Ji G5 876" + 25 8408 £, 898% + 20,8460 )\ i) — (07

O(0?)

» Dissipative effects are as important as thermodynamic ones in a dipole supertluid.

29



MODE SPECTRUM
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Without dipole symmetry With dipole symmetry
T, a)=—iﬁk2+... W=—i— k*+ ..
D (...)
C+ 50 '
=% k-—|——+ " [k2+ =% (. )22 ..
2 I, (...) 2 (...)
7T||,Jt,€t .
W= —1 Kk2+.. W= —1I Kk2+
(...) (...)

» Momentum and charge excitations are suppressed. Energy excitations are not suppressed.

30




TOWARDS S-WAVE DIPOLE SUPERFLUIDS
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» The hydrodynamics of s-wave dipole superfluids is qualitatively
quite different from the p-wave counterpart.

» The mode spectrum features ordinary sound and shear modes

w==x(0.)k+...

W = ink2+...
p

but have a suppressed second sound mode
» = i(...)kzi(...)k4—é(...)k4+

» Charge and superfluid excitations are suppressed.
Momentum and energy excitations are not suppressed.

» This dynamical scaling is in tension with hydrostatics.

31




and open questions




OUTLOOK
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» Continuum description of fractonic lattice models feature exotic
dipole and multipole symmetries.

» Field theories with conserved dipole (and multipole) moment
couple non-trivially to curved background spacetime.

» We used these to construct consistent thermal states for systems
with dipole-invariance. We found that dipole symmetry must be
spontaneously broken to allow for gapless charge excitations.

» There are two independent thermal phases of these systems:
p-wave and s-wave. Their low-energy behaviour is quite distinct

from each other.

33




00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

> Effective theories with nonzero dipole super-flow (9;¢;) # 0.

» Complete hydrodynamic description of s-wave dipole
supertfluids: reconciliation of derivative scaling between
hydrostatics and hydrodynamics.

» Construct field theories for quasiparticle excitations with
“internal dipole moment”.

0D'+0,J7 = J'

» Relations to restricted mobility in elasticity theory, supertluidity,

and fractional quantum Hall effect.
» Theories with approximate dipole symmetry.

» Extension to higher-multipole and full subsystem symmetries.

34




-

.

® ¥ [2304.09852] Dipole superflu X + v

R »O0OO

C' @& arxiv.org/abs/2304.09852 LR *¢

Cornell University

N

We gratefully acknowledge support from S
the Simons Foundation and member institutions.

THANK YOU

Search... All fields v

Search |
W

d I‘le > hep-th > arXiv:2304.09852

Help | Advanced Search

High Energy Physics - Theory Download:

e PDF
e PostScript
e Other formats

(license)

[Submitted on 19 Apr 2023]

Dipole superfluid hydrodynamics

References

[2304.09852] AJ, K Jensen, R Liu, E Mefford
[2111.03973] AJ, KJensen

Akash Jain, Kristan Jensen, Ruochuan Liu, Eric Mefford

Current browse context:
hep-th

mySpires. [Fractons ][ Hydro ] E

Cite as:

We construct a theory of hydrodynamic transport for systems with conserved dipole
moment, U(1) charge, energy, and momentum. These models have been considered in the
context of fractons, since their elementary and isolated charges are immobile by
symmetry, and have two known translation-invariant gapless phases: a ~ " p-wave dipole
superfluid" phase where the dipole symmetry is spontaneously broken and a ~ “s-wave
dipole superfluid" phase where both the U(1) and dipole symmetries are spontaneously
broken. We argue on grounds of symmetry and thermodynamics that there is no
transitionally-invariant gapless fluid with unbroken dipole symmetry. In this work, we
primarily focus on the hydrodynamic description of p-wave dipole superfluids, including
leading dissipative corrections. That theory has, in a sense, a dynamical scaling exponent
z = 2, and its spectrum of fluctuations includes novel subdiffusive modes ® ~ —ik* in the
shear sector and magnon-like sound mode w ~ +k? — ik2. By coupling the fluid to
background fields, we find response functions of the various symmetry currents. We also
present a preliminary generalization of our work to s-wave dipole superfluids, which
resemble z = 1 fluids and feature sound waves and diffusive shear modes, as in an
ordinary fluid. However, the spectrum also contains a magnon-like second-sound mode
o ~ +k? + k* — ik* with subdiffusive attenuation.

Comments: 53 pages plus appendices; we have appended a Mathematica notebook to the arXiv submission which

computes dispersion relations and response functions

High Energy Physics - Theory (hep-th); Strongly Correlated Electrons (cond-mat.str-el)
arXiv:2304.09852 [hep-th]

(or arXiv:2304.09852v1 [hep-th] for this version)
https://doi.org/10.48550/arXiv.2304.09852 @

Subjects:

< prev | next>
new | recent | 2304

Change to browse by:

cond-mat
cond-mat.str-el

References & Citations

e INSPIRE HEP

e NASA ADS

e Google Scholar

e Semantic Scholar

Export BibTeX Citation

Dipole superfluid
hydrodynamics...

Akash Jain
K. Jensen

Ruochuan Liu
Eric Mefford

YWV ARl w

Bibliographic Explorer:
Semantic Scholar

Bookmark

) oy B
oty m (::3 WISE

Akash Jain

University of Amsterdam
& Dutch Institute for Emergent Phenomena

https://ajainphysics.com/

ajain@uva.nl

This project has received funding from the European Union’s

Horizon 2020 research and innovation programme under e
the Marie Sktodowska-Curie grant agreement NonEgbSK il
No. 101027527. Commiesion


https://ajainphysics.com
mailto:ajain@uva.nl

