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OVERVIEW

➤ Symmetries are powerful guiding principle for developing 
effective theories for physical systems without a detailed  
understanding of their microscopic constituents. 

➤ Equilibrium phases of matter can be organised according to their 
symmetries and whether these are spontaneously broken in the 
ground state, commonly known as the Landau paradigm. 

➤ In recent years, the notion of symmetries has been generalised  
to include subsystem symmetries, higher-form symmetries, 
higher-group symmetries, non-invertible symmetries, etc. 

➤ These allow for a generalised Landau paradigm, that also 
includes exotic phases of matter that are typically not classified 
based on conventional symmetries.
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OVERVIEW

➤ Given a lattice model with local interactions, there typically exists 
an effective Quantum Field Theory description at low energy or 
long distances. 

➤ However, recently, a large class of lattice spin models have 
surfaced that do not seem to admit a standard continuum field 
theoretic description. 

➤ These models feature excitations with restricted mobility: 
fractons pinned to a point, lineons confined to a line,  
planons confined to a plane, etc. 

➤ These exotic features can be reduced to the existence of  
subsystem symmetries in these models. 

➤ We are still trying to understand how to adapt field theoretic 
techniques to describe the continuum limit of fractonic systems.
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[Haah ’11 | Vijay-Haah-Fu ’15 | Pretko ’16]

[reviews by Gromov-Radzihovsky ’22 | Grosvenor+ ’22 | Pretko+ ’20 | Nandkishore+ ’19]



OVERVIEW

➤ While true fractonic order is still to be realised in the lab, there 
are various physical systems that feature restricted-mobility at low 
energies: crystal dislocations, superfluid vortices, fractional 
quantum Hall states, etc. 

➤ There are proposals to synthesise fractons using ultra-cold atoms 
and anti-ferromagnets. 

➤ The goal of this talk is to better understand many-body systems 
with collective fractonic excitations and the interplay between 
subsystem and spacetime symmetries. 

➤ In particular, for systems with translational order, the subsystem 
symmetries must be spontaneously broken in the thermodynamic 
limit for there to exist charged excitations.
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[Pretko ’18 | Gromov+ ’20 | Du+ ’21]

[Sous-Pretko ’20]



OVERVIEW

➤ There are two distinct phases with gapless fractonic excitations:  
p-wave and s-wave, both with subsystem symmetries 
spontaneously broken, but the U(1) charge symmetry 
spontaneously unbroken or broken respectively. 

➤ The p-wave phase has spontaneously-unbroken U(1) symmetry. 
The momentum excitations cannot propagate: no sound modes, 
only diffusive and subdiffusive modes. 

➤ The s-wave phase has spontaneously-broken U(1) symmetry.  
The momentum excitations can propagate: features sound 
modes, together with diffusive and subdiffusive modes.
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[Jensen-Raz ’22]

[AJ-Jensen-Liu-Mefford ’23 | Armas-Have ‘23]



FRACTON 
FIELD THEORIES

with conserved dipole moment
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X-CUBE MODEL

7[Vijay-Haah-Fu ’15]

AC = ∏
ℓ∈C

Xℓ

BV = ∏
ℓ∈Vyz

Zℓ + ∏
ℓ∈Vzx

Zℓ + ∏
ℓ∈Vxy

Zℓ

XℓZℓ = − ZℓXℓ

X2
ℓ = Z2

ℓ = 1



➤ Subsystem symmetries 
 
 
 
 

➤ Large number of ground states 
 

➤ Restricted Mobility

X-CUBE MODEL
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Fractons Lineons Planons

# ground states ∼ 22Lx+2Ly+2Lz−3



SUBSYSTEM AND DIPOLE SYMMETRIES

➤ Subsystem symmetries are a combination of global and gauge symmetries
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Φ(t, x, y, z) → exp(iΛx(x) + iΛy(y) + iΛz(z)) Φ(t, x, y, z)

➤ To leading order, we can approximate these by a monopole and dipole symmetry.

Φ(t, x, y, z) → exp( iΛ + iψx x + iψy y + iψz z

+
1
2

iψxx x2 +
1
2

iψyy y2 +
1
2

iψzz z2

+ … ) Φ(t, x, y, z)

➤ They can be expanded into a sequence of multipole symmetries



FIELD THEORIES WITH DIPOLE SYMMETRY

➤ Consider the charged scalar invariant under U(1) monopole and dipole symmetry 
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S = ∫ dt d3x( |∂tΦ |2 − |Dij(Φ, Φ) |2 − m2 |Φ |2 )
Dij(Φ, Φ) = Φ ∂i∂jΦ − ∂iΦ ∂jΦ

[Pretko ’18]

Φ → exp(iΛ) Φ

Φ → exp(iψi xi) Φ

Jt = i∂tΦ* Φ + c.c.

Ji = ∂j(iDij(Φ*, Φ*) Φ2 + c.c.)
Jij = iDij(Φ*, Φ*) Φ2 + c.c.

∂tJt + ∂iJi = 0

∂kJik = Ji

Jij = Jji

⟹ ∂t(Jtxi) + ∂k(xiJk − Jik) = 0

⟹ 2x[iJj] = ∂k(2x[iJj]k)
No “intrinsic” dipole moment

➤ Conservation equations:



➤ Restricted mobility: 
 
 
 
 
 
 
 
 
 
 

➤ Neutral bound states can move freely

FIELD THEORIES WITH DIPOLE SYMMETRY
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d
dt ∫ d3x Jt = −∮ d2x J⊥

d
dt ∫ d3x Jtxi = −∮ d2x (J⊥xi − Ji⊥)

d
dt ∫ d3x Ji = ∮ d2x ∂tJi⊥

d
dt ∫ d3x (J × x)i = ∮ d2x ϵijk∂tJj⊥xk

Fractons Lineons



BACKGROUND SOURCES

➤ We can gauge the monopole and dipole symmetries using a set of background gauge fields 
 
 
 
We now require invariance under background gauge and dipole transformations 
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DtΦ = ∂tΦ − iAt Φ, DiΦ = ∂iΦ − iAi Φ, Dij(Φ, Φ) = Φ DiDjΦ − DiΦ DjΦ −
1
2

iaij Φ2

➤ The modified scalar field theory is 
 
 
 
 
 
 
Conserved currents can be obtained via variations with respect to background sources.

S = ∫ dt d3x( |∂tΦ |2 − |Dij(Φ, Φ) |2 − m2 |Φ |2 )

Jt δAt + Ji δAi +
1
2

Jij δaij

At → At + ∂tΛ, Ai → Ai + ∂iΛ

Ai → Ai + ψi, aij → aij + ∂iψj + ∂jψi

∂tJt + ∂iJi = 0

∂kJik = Ji
⟹

[Pretko ’16, AJ-Jensen ’21]



COUPLING TO CURVED SPACETIME

➤ Consider fracton field theories invariant under spacetime 
translations and rotations, resulting in energy and momentum 
conservation 
 
 

➤ Due to mobility restrictions, we cannot impose boost symmetry. 

➤ We can gauge the spacetime symmetries by putting the field 
theory on a curved spacetime 
 
 
 
Invariance under background spacetime diffeomorphisms. 
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∂tϵt + ∂iϵi = 0

∂tπi + ∂jτij = 0 τij = τij

−ϵt δnt − ϵi δni − πi δvi +
1
2

τij δgij



COUPLING TO CURVED SPACETIME

➤ The covariant construction for the conserved currents 
 
 
 
 
 
 
and the background fields 
 
 
 
 
 
 
Also define  such that . Further . 

➤ These are known as Aristotelian backgrounds coupled to boost-agnostic field theories.

hμν hμνnν = 0, hμνhνρ = δμ
ν − vμnν hμ

ν = hμνhρν
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ϵμ = (ϵt

ϵi) πμ = ( ×
πi ) τμν = ( × ×

× τij )
vμπμ = 0 τμνnν = 0, τ[μν] = 0

Jμ = (Jt

Ji) Jμν = ( × ×
× Jij)

Jμνnν = 0, J[μν] = 0

nμ = (nt
ni) vμ = ( ×

vi ) hμν = ( × ×
× gij )

vμnμ = 1 hμνvν = 0, h[μν] = 0

Aμ = (At

Ai) aμν = ( × ×
× aij )

aμνvν = 0, a[μν] = 0

[de Boer et al. ’17]



COUPLING TO CURVED SPACETIME

➤ Field theories are required to be invariant under monopole and dipole transformations 
 
 
 
 
together with background spacetime diffeomorphisms, leading to conservation equations 
 
 
 
 

 and  are the Aristotelian-covariant derivative and divergence operators. 

➤ Energy-momentum currents are not dipole-invariant

∇μ ∇′￼μ
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∇′￼μ(−ϵμnν + vμπν + τμ
ν) = (source terms)ν

∇′￼μJμν = hν
ρJρ

∇′￼μJμ = 0

Aμ → Aμ + ∂μΛ + ψμ, aμν → aμν + hρ
μhσ

ν (∇ρψσ + ∇σψρ) ψμvμ = 0

ϵμ → ϵμ + (2Jμ(ρψσ) − Jρσψμ) 1
2

£vhρσ

πμ → πμ − (Jνnν) ψμ + Jρμ(dn)ρσψσ

τμν → τμν − 2Jλh(μ
λ ψν) + ∇′￼λ(ψλJμν)

[AJ-Jensen ’21, Bidussi et al. ’21]



MOMENTUM SOURCES & DIPOLE SYMMETRY

➤ When  is turned on, the dipole transformations also act on the 
density source 
 

➤ This modifies the dipole Ward identity 
 
 

➤ Momentum is not dipole invariant, but charge density and flux are 
 
 
 
 
Dipole transformations act like “boosts” that only modify 
momentum without changing the flux.

vi
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At → At − ψi vi

∂kJik = Ji − Jt vi

πi → πi − Jt ψi Jt → Jt, Ji → Ji



FRACTONS AT 
FINITE TEMPERATURE

thermal equilibrium
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FRACTONS AT FINITE TEMPERATURE

➤ We are interested in systems at finite temperature with  
conserved dipole moment. 

➤ We find that dipole symmetry must be spontaneously broken for 
there to be non-zero charge fluctuations in the thermal state. 

➤ There are two possibilities: 
➤ p-wave: U(1) monopole symmetry spontaneously unbroken 

               but dipole symmetry spontaneously broken 
 

➤ s-wave: U(1) monopole symmetry spontaneously broken 
                dipole symmetry spontaneously broken 
 

➤ This was also found for large-N models with dipole symmetry. 

⟹
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⟨Φ⟩ ≠ 0

⟨Φ⟩ = 0, ⟨Φ†i∂iΦ − Φi∂iΦ†⟩ ≠ 0

[Jensen-Raz ’22]



DIPOLE SYMMETRY AND THERMAL STATE

➤ Consider a grand-canonical thermal state 
 
 
 

➤ Invariance under dipole symmetry implies that 
 
 
 
 
 
Therefore  and  are disallowed. 

➤ The only allowed configurations are with  and .  
A local fluid particle can move if and only if the local charge 
density is zero.

πi ∝ ui Jt ∝ μ

πi ∝ ui Jt = 0
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𝒵 = tr exp
1
T ∫ d3x (−ϵt + uiπi + μ Jt)

πi → πi − Jt ψ i

Jt → Jt

ui → ui

μ → μ + uiψi
⟹



EQUILIBRIUM PARTITION FUNCTION

➤ Many-body systems at thermal equilibrium can be characterised 
by their thermal partition function 
 
 
 
 
We have omitted  for clarity. 

➤ The background fields are required to be time-independent with 
respect to the thermal observer 
 
 
 
Thermal partition function  is required to be invariant under 
time-independent symmetries with respect to the thermal 
observer.

nt, ni

𝒵

20

𝒵 = tr exp
1
T0 ∫ d3x g [ − ϵt + (ui

0 − vi) πi + (μ0 + At + ui
0Ai) Jt]

(∂t + ui
0 ∂i)… = 0



EQUILIBRIUM PARTITION FUNCTION

➤ For systems with spontaneously unbroken symmetries,  
the low-energy thermal partition function is a “local” functional  
of the background fields 
 
 
 

➤ For systems with spontaneously broken symmetries,  
the low-energy thermal partition function is a “non-local” 
functional of the background fields, given by a functional integral 
over time-independent configurations of the Goldstone fields
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𝒵 = exp∫ ddx g ℱ(A, …)

𝒵[A, …] = ∫ 𝒟ϕ exp∫ ddx g ℱ(ϕ, …; A, …)

[Banerjee et al. ’12 | Jensen et al. ’12]

[Bhattacharyya et al. 2012]



UNBROKEN DIPOLE SYMMETRY

➤ Consider the free energy 
 
 
 
 
leading to nonzero charge density 
 

➤ This construction is gauge- and dipole-invariant in flat space, but 
in curved space it transforms under dipole transformations due to 
 
 

➤ Consequently, when the dipole symmetry is unbroken, it is not 
possible to construct a dipole- and translation-invariant free 
energy with nonzero charge density.
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ℱ = −
χ
2 (μ0 + At)2

At → At − ψi vi

Jt = χ μ

≡ μ



SPONTANEOUS BREAKING OF DIPOLE SYMMETRY

➤ p-wave phase admits a vector Goldstone 
 
 
 
 
 
 

➤ Currents: 
 
 
 

➤ Configuration equations:
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ϕi → ϕi − ψi

Jt = χ μ Ji = χ μ ui
0

πi = χ μ ϕi

ℱ = −
χ
2 (μ0 + At + ui

0Ai + (ui
0 − vi) ϕi)

2

≡ μ
+

χd

4 (2∂(iϕj) + aij)
2

≡ ξij

Jij = − χd ξij

χ μ (ui
0 − vi) = − ∂j(χd ξij)

➤ s-wave phase admits a scalar Goldstone 
 
 
 
 
 
 

➤ Currents: 
 
 
 

➤ Configuration equations

ϕ → ϕ − Λ

πi = − χ μ (∂iϕ + Ai)

ℱ = −
χ
2 (μ0 + At + viAi − (ui

0 − vi) ∂iϕ)
2

≡ μ
+

χd

4 (−2∂i∂jϕ − 2∂(iAj) + aij)
2

≡ ξij

Jt = χ μ Ji = χ μ vi − ∂j(χd ξij) Jij = − χd ξij

∂i (χ μ (ui
0 − vi)) = − ∂i∂j(χd ξij)



DERIVATIVE COUNTING

➤ On flat background with  
 
 

➤ Following through the consistency arguments, we find 
 
 
 
 
 
 
 
 
 

✴ Subtleties in s-wave phase: the hydrodynamic mode spectrum violates the dynamical scaling.

ui
0 = 0
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⟨ϕi⟩ = ξ0
ki xk + ϕ0

i ∼ 𝒪(∂−1)

ϵt, Jt, τij, Jij ∼ 𝒪(∂0) ϵi, Ji ∼ 𝒪(∂1)πi ∼ 𝒪(∂−1)

nt, At, gij, aij ∼ 𝒪(∂0) ni, Ai ∼ 𝒪(∂−1)vi ∼ 𝒪(∂1)

T, μ ∼ 𝒪(∂0)ui ∼ 𝒪(∂1)

∂t ∼ 𝒪(∂2), ∂i ∼ 𝒪(∂1)

⟨ϕ⟩ =
1
2

ξ0
ij xixj + ϕ0

i xi + ϕ0 ∼ 𝒪(∂−2)

∂tJt + ∂iJi = 0

∂kJik = Ji

∂tϵt + ∂iϵi = 0

∂tπi + ∂jτij = 0



MATTER FLOW

➤ Due to the derivative counting scheme, the kinetic term becomes 
a second derivative correction 
 
 
 

➤ Correspondingly, momentum flow is dominated by the  
dipole-Goldstone, with sub-leading effects due to matter flow 
 
 

➤ In other words, matter flow “subsides” due to restricted mobility.
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ℱ = … −
1
2

ρ uiui

πi = q ϕi + ρ (ui − vi) + …

∼ 𝒪(∂2)



FRACTON 
HYDRODYNAMICS
leaving thermal equilibrium
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HYDRODYNAMICS

➤ Hydrodynamics is a framework to capture perturbative 
departures of a many-body system from thermal equilibrium. 

➤ The relevant hydrodynamic degrees of freedom are a set of  
chemical potentials corresponding to each global symmetry 
(conserved charge) of the system. 

➤ Additionally, we need to add massless Goldstone fields for each 
spontaneously broken global symmetry.
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P-WAVE DIPOLE SUPERFLUID DYNAMICS

➤ Conservation equations for dipole-invariant system 
 
 
 
 
 
 

➤ Non-dissipative linearised constitutive relations
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∂t ϵt + ∂i ϵi = (source terms)

∂t πi + ∂j τij = (source terms)i

∂k Jik = Ji − Jt vk

∂t Jt + ∂i Ji = 0

ϵt = ϵ ϵi = (ϵ + p) ui − p vi + pdδij (∂t + £v) ϕj + χmn ∂k(∂iϕk − ∂kϕi)
πi = q ϕi + ρ (ui − vi) τij = p δij

Jij = pd δij − Bd ∂kϕk δij − 2Gd ∂⟨iϕ j⟩

Ji = q ui − χm ∂k(∂iϕk − ∂kϕi)Jt = q



DISSIPATIVE CORRECTIONS

➤ We can choose the definitions of  such that 
 
 
 
This is known as the choice of hydrodynamic frame. 

➤ The dissipative constitutive relations are constrained by the second law of thermodynamics 
 
 
 
 
 
 

T, μ, ui, ϕi
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ϵt
diss = Jt

diss = πi
diss = Ji

diss = 0

ϵi
diss

τij
diss

Jij
diss

= −
κ 0 0
0 ζ δijδkl + 2η δk⟨iδ j⟩l ζ× δijδkl + 2η× δk⟨iδ j⟩l

0 ζ′￼× δijδkl + 2η′￼× δk⟨iδ j⟩l ζd δijδkl + 2ηd δk⟨iδ j⟩l

∂kT
∂kul

∂k∂tϕl

𝒪(∂1) ←
𝒪(∂0) ←
𝒪(∂0) ←

→ 𝒪(∂1)
→ 𝒪(∂2)
→ 𝒪(∂2)

𝒪(∂0)

𝒪(∂2)

➤ Dissipative effects are as important as thermodynamic ones in a dipole superfluid.



MODE SPECTRUM
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ω = ± (…) k −
i
2

ζ + 4
3 η

ρ
+

κ
(…)

k2 + …

ω = − i
κ

(…)
k2 + …

ω = − i
η
ρ

k2 + …

Without dipole symmetry

π⊥ :

π∥, Jt, ϵt :

ω = ± (…) k2 −
i
2

κ
(…)

k2 + …

ω = − i
κ

(…)
k2 + …

ω = − i
η

(…)
k4 + …

With dipole symmetry

➤ Momentum and charge excitations are suppressed. Energy excitations are not suppressed.



TOWARDS S-WAVE DIPOLE SUPERFLUIDS

➤ The hydrodynamics of s-wave dipole superfluids is qualitatively 
quite different from the p-wave counterpart. 

➤ The mode spectrum features ordinary sound and shear modes 
 
 
 
 
 
but have a suppressed second sound mode 
 
 

➤ Charge and superfluid excitations are suppressed.  
Momentum and energy excitations are not suppressed. 

➤ This dynamical scaling is in tension with hydrostatics.
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ω = ± (…) k + …

ω = − i
η
ρ

k2 + …

ω = ± (…) k2 ± (…) k4 −
i
2

(…) k4 + …



OUTLOOK
and open questions
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OUTLOOK

➤ Continuum description of fractonic lattice models feature exotic 
dipole and multipole symmetries. 

➤ Field theories with conserved dipole (and multipole) moment 
couple non-trivially to curved background spacetime. 

➤ We used these to construct consistent thermal states for systems 
with dipole-invariance. We found that dipole symmetry must be 
spontaneously broken to allow for gapless charge excitations. 

➤ There are two independent thermal phases of these systems: 
p-wave and s-wave. Their low-energy behaviour is quite distinct 
from each other.
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FUTURE DIRECTIONS

➤ Effective theories with nonzero dipole super-flow . 

➤ Complete hydrodynamic description of s-wave dipole 
superfluids: reconciliation of derivative scaling between 
hydrostatics and hydrodynamics.  

➤ Construct field theories for quasiparticle excitations with 
“internal dipole moment”. 
 

➤ Relations to restricted mobility in elasticity theory, superfluidity, 
and fractional quantum Hall effect. 

➤ Theories with approximate dipole symmetry. 

➤ Extension to higher-multipole and full subsystem symmetries.

⟨∂iϕj⟩ ≠ 0
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∂tDi + ∂jJij = Ji



THANK YOU
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