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THE BIG PICTURE

» Effective field theory is a robust framework for describing
physical many-body systems without the detailed knowledge of
their microscopic constituents.

» The conventional treatment of effective field theory is only
suited for zero temperature or equilibrium phenomena at
finite temperature (statistical field theory).

» Hydrodynamics is a “universal” low-energy effective description
based on conservation laws that allows us to perturbatively
depart from thermal equilibrium.
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» (lassical hydrodynamics has limited applicability due to the
presence of stochastic thermal fluctuations.

» Schwinger-Keldysh hydrodynamics is a symmetry-based
effective field theory generalisation of classical hydrodynamics
that aims to systematically incorporate the effects of
arbitrary stochastic thermal fluctuations.




» Stochastic hydrodynamics and beyond!
» Schwinger-Keldysh with non-conserved variables?
1[AJ, Kovtun [2009.01356]] Il 2[AJ, Kovtun, [2309.00511]]

» Schwinger-Keldysh framework!

» Classical hydrodynamics
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» The dynamical equations are conservation equations associated with the global symmetries.

For example, U(1) symmetry

0,J" =0

This equation determines how the density J' = n evolves in time.*

> We can introduce background sources: gauge field A, coupled to J*.
The theory must be invariant under background gauge transformations

Aﬂ —>Aﬂ+ 0ﬂA

» Hydrodynamic systems are characterised by their constitutive relations

Jn,Al=—-Dn)Vn+om)E + .. higher derivatives. ..

*For a relativistic theory, one should work with the proper density, i.e. J' = (1 — v?)~"?n.

n(0,x)

n(t, X)

A(t, X)

E=0A—0A



000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

» Constitutive relations are constrained by symmetries, and phenomenological constraints such as
the local second law of thermodynamics, existence of thermal equilibrium, and Onsager reciprocity relations.!

» For example, the local second law of thermodynamics postulates an entropy current $¥, i.e.
Equation of state: S' = s(e,n) + ... First law: de = Tds + udn

Heat flux: TS = —u(e,n)J + ...

[sothermal assumption: T constant and d, e = J - E.*

» Entropy must be locally produced

aSM:_lJ(V//t—E)‘F :E ﬁv,u—E (V,M-E)-F > () ){:a—n
" 7 - . . o
0]
— D =—, o> 0
X

'Review by [Kovtun [1205.5040]] Il *To relax this assumption, we need to account for a dynamical energy conservation equation in hydrodynamics. 6
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» The classical solutions of hydrodynamic equations in Fourier-space p = (w, K) can be expressed in terms of
retarded correlation functions! or response functions as*

1
Jonshet( PIIA] = J) + J G5(pip1) SA(py) 2J G5 (pspisph) SA(py) SA(pS)
P P

/ / /
1 1-P2

pi," n
° + —_—- - + —>< +
p p .
Py .

5 5
SA(p}) 6A(py)

Gﬁf...(p;pi’pé) — ( ) Jonshell(p)[A]

I[Kadanoff, Martin (1963)] | *Assuming homogeneous background states 7
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GR (p) = G (p; —p) = Ko, —
JigAP) = Gy \ps =D ~ w+iDk: p
p/2','
Gt ik* 62/4 (K*D' — (K* - 2iw/D) o) <
ce g\ Ps — s — 7
gy \P> =Pl & =P (@ + iDK2) (w + iDK2/2) p i
pl2
on O oD 1 do
y =—, D=—, D/=_, ' =——

Ellipsis denote contributions coming from higher derivative terms the constitutive relations.

> Derivative corrections in classical hydrodynamics are always analytic, i.e. positive integer powers of @, k>.

1[Kadanoff, Martin (1963)] 8
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STOCHASTIC FLUCTUATIONS
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» The classical formulation of hydrodynamics based on conservation
equations might be too simple for many purposes.

» This accounts for mutual interactions between conserved variables,

but not for possible interactions with the background thermal noise
arising due to the ignored microscopic excitations.

» These effects lead to physically observable signatures in the low-

energy spectrum, known as long-time tails, that cannot be predicted
by classical hydrodynamics.!

[Alder, Wainwright (1970)] [De Schepper, Van Beyeren, Ernst (1974)]
[Forster, Nelson, Stephen (1977)]

10



J=—0(V//t—E) + 0

(JJ..)[A] = JQZOJ[A,H] J[A, 0] ... P[O]

drawn from some probability distribution &[{].

» First approximation: Gaussian noise In XP[0] = — [ Co-’.

X
More generally, can also have coloured or multiplicative noise.

I[Martin, Siggia, Rose (1973)] 11
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G, wa. (DP1sP2s - sD)sDhsoor) = ( 0 / 0 / ) <<](p1)J(P2) L OA] —discannected)
0A(p1) 0A(p>) SA—0
e ——— e ——
#a #r
Retarded: G}S,.. = G,, , symmetric: GJSJ.” = G,, , and things in between.
» Can be formally defined using a generating functional
WIA,A ] = anQH exp (zJ J[A, 0] Aa) P0]
G ( o ) ( 0 0 > —10 —10 WIA A
o ag. \P1sD2s -3 P15 Py evv ) = : —... A
e SA(pY) 6AMPY ")\ 6A.(p1) ALP) o

#a #r

*There are also “out-of-time-ordered correlation functions” (OTOCs) that cannot be accessed using stochastic hydrodynamics. 12
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T
G, (p1,Py) = (Gra(p19p2) — Gra(P1»P2)>

10,
T
Grra(pl’pZ;p3) — i < ma(pl p29p3) o ma(p39p2’pl)) + (1 < 2)
2
T2
rrr(pl’p29p3) — D) ( raa(p1’p23p3) + ma(p19p2’p3)) + (1 < 2) T (1 < 3)
2W3

and analogously for higher-point functions.!

» All non-retarded correlators G,.,, G, , G,,,. are fixed in terms of the retarded correlators G, , G, for n = 2,3.

This does not hold for n > 4. FDTs still give constraints but not that strong.

I[Wang, Heinz [hep-th/9809016]] 13
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» As a consequence of FDTs, the noise distribution is completely fixed upto cubic order in fluctuations.
For diffusion model, we find

| . .
In LPl0] = — J o 0’ + quartic fluctuations c>0

X

» At quartic and higher levels, we can get new stochastic transport coeffictents in the noise distribution.!
For example

V=Vu-EK
1 9 T-9
In P[0] = — J — 6 1 ((V-0)*=V?0°) - 92 (60 — 20V)2 + quintic fluctuations
4To (2T06)? (2To)*
9.9,>0

These are left unfixed by FDTs.

» Stochastic transport coefficients characterise the non-universality of hydrodynamics, i.e truly microscopic
information of the system that cannot be parametrised by derivative corrections to constitutive relations.

'TAJ, Kovtun [2009.01356]] 14
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X ik* wk* Ty*D?* [, 2iw
Gi(p) = : o - : K |
w + iDK? w+iDK? 32zD D
» In real time, a state n(0,K) at t = O evolves into?
n(0.k) [ dw el 2TyD? 1
(t ) = 2020 J — GR,(p)—— =n(0k) | e P*"4 V277 e DKy
iy J_ 2« W — i€ 167372 D712 ¢3/2

t>1/(DKk?)

I[De Schepper, Van Beyeren, Ernst (1974)] [Forster, Nelson, Stephen (1977)]
[Arnold, Yaffe [hep-ph/9709449]] [Kovtun, Yaffe [hep-th/0303010]] [Chen-Lin, Delacretaz, Hartnoll [1811.12540]]
2|_ecture notes by [Kovtun [1205.5040]] 15
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GR (w,K) = o -

ik? wk? Ty?>D” \/ ,  2iw
Kk
w + iDK? w+iDK? 32zD

iD k?)

wk*T D" 2 2o 1/6 9,k*  2/39,+ &2(
w
1024 72D? D  + iD k? D?

> First stochastic effects appear at O(k*), while non-universal stochastic transport coefficients appear at O(k’).*

This means that classical diffusion is a reliable upto O(k>), while stochastic diffusion upto O(k®).

1[AJ, Kovtun [2009.01356]] Il *Compared to corrections in J-. 16




Hydrodynamic Vertices Stochastic Vertices

BN R o

Diffusion Incompressible
Model Hydrodynamics
Stochastic
d+1 d—1
Fluctuations* K K
Non-universal k2 d+3 k2 d+1
Coefficients™

*Extra factors of log(k) per loop arise in d = 2 spatial dimensions. 17
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SCHWINGER-KELDYSH FRAMEWORK
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» Schwinger-Keldysh (SK) framework for hydrodynamics provides a
systematic prescription to introduce (non-Gaussian) stochastic noise
into the hydrodynamic setup.!

» Non-linear FDTs are built into the SK framework due to dynamical
Kubo-Martin-Schwinger symmetry.

» The framework proposes a set of effective low-energy degrees of
freedom and associated symmetries that can be used to construct an
effective action for hydrodynamics from scratch.

» This can be used to systematically classify the possible
stochastic transport coeflicients and contribute their contribution
to hydrodynamic observables.

[Crossley, Glorioso, Liu [1511.03646]] [Haehl, Loganayagam, Rangamani [1511.07809]]
[Jensen, Pinzani-Fokeeva, Yarom [1701.07436]] 19
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WIA, A | = 111J@9 exp iJ (J)gA, | PO] V=Vu-E

X

=an@09¢a@ﬂ exp iJ —Q, (dtn—V- (6V—0>>+ﬂAat—6V°Aa P0]

X

» Performing the noise integral under Gaussian approximation:! W[A, A ]| = anQZ% Du exp (iS L, 0,5 A, Aa])

S = J nB,+ilchB, - (Ba+iTV>

N
+i9, ((V-B)* = V*B,) +iT*9, B, (Ba + LTV) + quintic interactions

B, =0p,+ A,

1[Kovtun, Moore, Romatschke [1405.3967]] [Harder, Kovtun, Ritz [1502.03076]] 20
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» Relabel A = A, and define 4 = 0,9, + A,,, leading to

v Br,a = agor,a + Ar,a
B 1
S= | n(B,) 5, + 108, B, - (B, + ¢, £y= 79
X
/’t — Brt

2
+ iT2191(B,,t)<(i£ﬂ B, B,)?— (£,B,) Bg) +iT29,(B,,) B2 (Ba +it, B,,)
V=Vip +0A,=0B

r

» Schwinger-Keldysh conditions: » /, Kubo-Martin-Schwinger (KMS) symmetry*
Slo,, v, =0;A,A, =0] =0 |
QDFH_(P,»_, g”ae_qﬂa_l;ﬁﬂqpr_
S[Cﬂra_éﬁa;Aa_Aa] — = S*[(pra (pa;Aa Aa]
A oA A, o A, + 1554,

—X —X

ImSle,,p,;A,A 1 > 0.

*This assumes that the microscopic system realises PT symmetry. Analogous versions exist for T, CT, or CPT. 21



WIA|, Ay] = Intr, [p exp (%J JiA| — J2A2)]
J JrAa - JaAr)]

1
G, (1, 1) = B <{J(f1)a J(fz)}>

WIA,,A,]l =Intr, [p exp (i

» 2-point functions
l
G, (1, 1) = %@)(tl — 1) < (1)), J(fz)]>

I[Field Theory of Non-Equilibrium Systems (Textbook), Kamenev (2011)]

22



WIA,, A, ]l = Intr, [p exp (i J JIA,, — ]gAm)]
l low energy

o hith
— anS%@r Do, exp (iS[go,,, 0, A, Aa]) :
P
‘ h
WA, A, =0]=0 Slo,, 0, =0;A,A, =0]=0
W[Ara_Aa] — W* [Ar9 Aa] — S[(pra_¢a;Ara_Aa] — = S* [(pra (pa;Ara Aa]
Re W[A,A ] <O. ImSle,, p,;A,,A,] > 0.

'Review by [Glorioso, Liu [1805.09331]] 23



KUBO-MARTIN-SCHWINGER (KMS) SYMMETRY

pp = exp(—pH) = eXp< —( ihﬁ)H)

h
— 00 + ihf 1) 00 + ififj 0 + ihf — 00 + ihf
DT
Ji(1)) — —  L(t, — ihp) — Ji(—=1)

L) - e Ji(t) 7 - Ji(t) = - Jy(—ty — iAf) =
A o Ay o A, & A i B0 A oA R A, o A, +iLhA, N
am—

P> =P » P> — P | Pr o =@ 5 Qo —@,— i,
—X —X,—ihp —X —X

'Review by [Glorioso, Liu [1805.09331]] 24



Dynamical Fields: ¢, Background Fields: A, ,
SK Conditions KMS Symmetry Global Symmetries Diagonal Shift Symmetry
f;l_)o — 5 -0 fr(_>®fr qﬂr,a_)g”r,a_‘/\r,a qﬂr_)qﬂr_l_/l(x)
fa—>_fa=}S—>—S* fa<_)®<fa+i£ﬁfr> Ar,a%Ar,a_l_aAr,a
ImS Z 0. Br,a = aqor,a + Ar,a
£, = : 0
| | 1st KMS Block Pt
S=| | nB,)B,+iTo(B.)B, (Ba + i€ B,,) P

2nd KMS Block!
(GI"I"CZCZ’ G

rraaa?’ *° °)

2
+iT29,(B,) ((i;Eﬁ B, B, (£,B,) Bg) 4+ iT29,(B,,) B2 (Ba + i, B,,)

n’th KMS Block (G, .Gl ..

[Crossley, Glorioso, Liu [1511.03646]] [Haehl, Loganayagam, Rangamani [1511.07809]] [Jensen, Pinzani-Fokeeva, Yarom [1701.07436]]
2[AJ, Kovtun [2009.01356]] 25
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atn_l_VJ — O T constant
= on+10°n—o(n)V-V=0
. J+])J=—-—0c(n)V

» MBSR effective action (no background fields)!

S=J (n+rdtn) o,¢,+1To Vg, - (Vg0a+iTV> +nA,

» Cannot be locally coupled to A,

» Does not realise KMS symmetry — violate FDT for 3-point correlation functions when do/0dn # 0.

1[Abbasi, Kaminski, Tavakol [2212.11499]] 27
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J'=n+10,n
= on+10°n—o(n)V-V=0
J=—0n)V

» MSR effective action

l l
S = J nB, —ilytB,, - (Bat+ ?@,u) +1locB - (Ba + 7V)

» Violates stability or Im .S > 0.

(1 —iw7) ik’ o

Glg t —
71AP) w(1l — iw7) + iDk?

1[Kovtun [1907.08191]] [Bemfica, Disconzi, Noronha [1907.12695]]

000000000000000000000000

28



on+V-J=0

. J+])J=—-—0c(n)V

» Schwinger-Keldysh effective action!

l T
S=Jan+(Ba—Ja)-J+iTaJa- Ja+?<V+—OtJ>
. o
» Realises two KMS symmetries
(a) (b)

or  J o -J,——1]

—X TG —X

JoJ

Ja<—>Ja+i <V+iatJ)
T o

—X

1TAJ, Kovtun [2309.00511]] [Mullins, Hippert, Gavassino, Noronha [2309.00512]] 29
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Dynamical Fields: ¢, ,, v, Background Fields: A, ,
SK Conditions KMS Symmetry Global Symmetries Diagonal Shift Symmetry
Jum 0= 50 fr < O, Pra = Pra= Nra Pr = @+ AX)
Jo— —fo = S—> =S fie 0 (f,+it, f;) A, — A +0A,, (b) v, — v, + A,X)
ImS > 0.

S=[ nB, + B, —-J)-J+iTo], - (Ja+iT <V+16tJ>)
¥ 0]

'TAJ, Kovtun [2309.00511]]

T
(a) J=Ur, Ja:Ba_l__va
O

1
(b) J = atvr’ Ja =—0,

O

30
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EXTENSIONS OF SCHWINGER-KELDYSH

» Non-relativistic and boost-agnostic descriptions
[AJ [2008.03994]] [AJ, Armas [2010.15782]]

» Relativistic magnetohydrodynamics
[Glorioso, Son [1811.04879]] [Gralla, Igbal [1811.04879]]

» Spontaneously broken symmetries

| [Donos, Kailidis [2304.06008]]
> U(1) — superfluids [Baggioli, Bu, Ziogas [2304.14173]]

» Translations — crystals and elasticity [Baggioli, Landry [2008.05339]]
[Baggioli, Landry, Zaccone [2101.05015]]

» Rotations — Nematic liquid crystals, etc.

» Hydrodynamics with exotic symmetries

» Dipole, multipole, and subsystem symmetries (fractons)

> I—Iigher-form symmetries [Glorioso, Son [1811.04879]] [Gralla, Igbal [1811.04879]]

» Higher-group and non-invertible symmetries
[Das, Igbal, Poovuttikul [2212.09787]]

32
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» Hydrodynamics, classical or stochastic, is not a universal
description of long-range late-time physics.

» Late-time correlation functions can get contaminated by

stochastic transport coeflicients, characteristic of the microscopic
structure of the many-body system.

» These can be captured by the general structure of thermal noise in
Schwinger-Keldysh hydrodynamics.

» Schwinger-Keldysh hydrodynamics can be extended to
non-conserved slowly-varying variables.

» Generalisation of Martin-Siggia-Rose prescription to
higher-point fluctuation-dissipation theorems.

33
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PERTURBATIVE THEORY OF STOCHASTIC FLUCTUATIONS
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» We can perturbatively expand the effective action in fluctuations around an equilibrium state

n = ny+ on, @, Am = 0, Aaﬂ =0

» The classical part of the effective action expanded to
quadratic order in fields leads to the free theory

é 1
. =mem - 2
P = — ¢, (0,60 — D on) +iT6dp, 0, (0. 1) o +iDk
S 2T y D k?
2 1 D24
» Expanding to further orders in fields, we lead to (w, k) w? + D2k

the interaction vertices!
3pt __ 1 232 - ) ]
2 = 5/1511 0“w, + iyTAondp, o,

1 .
LV = Zdybn’ P i T2y 607 09,09,

1[Chen-Lin, Delacretaz, Hartnoll [1811.12540]]

OOOOOOOOOOOOOOOOOOOOOOOOOOOO

D =oly
y = on/ou

A=y 1oD/ou
A = y?00/0u

A= 1/2y"10A/ o
Ay = 112 y720(yA)/ o

35
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Z) = i—(0ndp )nop,) — i———=(@ndn)(d'¢p,0p,)

X X
2T, | o |
p ('ndp ), 0.0, +iT°9, (¢, 0¢0,)0¢p,0p,)
. . XA
o .
a A A

» These couplings to not contribute to tree-level retarded correlation functions.

36



